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1. Introduction

Let f(z) € F4[z] such that f(0) # 0. It is well known (cf. p. 75 [7]) that there
exists a positive integer e = e(f) such that f(z) divides ¢ — 1. The least such e is the
exponent of f(z) (a.k.a. order or period of f(z)). This definition is very important for
the study of polynomials over finite fields and in coding theory. We will generalize it to a
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setting that will encapsulate the case of polynomials in general Ore extensions over finite
rings. Applications in (non-necessarily commutative) coding theory will be developed in a
future paper. In the case of automorphism type Ore extensions the situation is somewhat
similar to what it is in the classical case. We make use of the fact that in the polynomial
ring R = A[t; o], where o is an automorphism of the ring A, the polynomial ¢ is invariant
i.e.,, Rt = tR. In a general Ore extension A[t; 0, d] the polynomial ¢ is no longer invariant
but since A is finite, there will often exist an invariant polynomial that can play its role.
This leads us to define and study, in Section 2, the relative exponent of two elements of a
ring in a quite general setting. Section 3 is essentially devoted to the study of exponents
of polynomials in F,[¢t; §]. This ring has been shown to be useful in different contexts and
in particular in coding theory (see [1-3,8]).

2. Relative exponents in general finite rings

Lemma 2.1. Let R be a ring with 1 and f,g € R be such that fg € Rf. Let rqy :
R/Rf—R/Rf the right multiplication by g. Consider the following statements:

(i) the map ry is one-to-one;

(ii) for any h € R, if hg € Rf then h € Rf;
(iii) there exists a positive integer e such that f¢ —1 € Rg;
(iv) the map rgy is onto;

(v) Rg+ Rf =R.

Then:

a) we always have (1)< (i) and (iii) = (iv) < (v);

b) if |R/Rg| < oo and f is not a zero divisor and is such that fR = Rf we also have
(i) = (iii);

¢) if conditions b) are satisfied and moreover |R/Rf| < oo, then the statements (i) to
(v) are equivalent.

Proof. a) and c) are left to the reader. We prove only part b). Since |R/Rg| < oo, the
cosets f! + Rg, for i > 1, cannot be all distinct, then there exist integers 0 < I < s such
that f'(1 — f°~!) € Rg and hence there exists h € R such that f!(1 — f*~!) = hg € Rf.
Statement () and the fact that Rf = fR ensure that there exist ¢1,q] € R such that
h = qif = fqj. Since f is not a zero divisor we have f!=1(1—f*~!) = ¢|g € Rf. Repeating
this argument leads to the existence of g5, ¢4, ...,q] € R such that f'=1(1 — f*~!) = ¢lg,
for 2 < i < 1. In particular, we have 1 — f5~! = q9 € Rg. O

The above Lemma 2.1 leads to the definition (a) hereafter. In the second definition
we briefly recall the notion of an Ore extension.
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Definitions 2.1.

(a)

For f,g € R the right exponent of g relative to f is the smallest strictly positive
integer e = e,.(g, f), when it exists, such that f¢ —1 € Ry i.e., g is a right divisor of
f¢ — 1. Similarly we can define the notion of left exponent of g relative to f.

(b) Let A be a ring, 0 € Aut(A) and § € End(R,+) be a o-derivation of A. The skew

Ex

)

polynomial ring (a.k.a. Ore extension) R = Alt; o, d] consists of polynomials written
as >.a;t' € R and equipped with the usual addition while the multiplication is
based on the following “rule of commutation”: ta = o(a)t + 0(a). We will mainly be
concerned with the case when A is a finite ring and § = 0.

If F, is a finite field with ¢ = p! for some prime p and positive integer [, we denote
by 6 the Frobenius map defined by 6(a) = a? for all a € Fy. The ring F,[t; 6] will be
referred to as an Ore—Frobenius ring.

amples 2.1. Let ¢ = p”, p a prime.

Let R = Fy[z], f(z) = z, g(z) € R such that g(0) # 0 (so that condition (i) of the
lemma is satisfied). Then e,.(g, z) always exists and is the classical exponent of g (cf.
p. 75 [7]).

Let R = Fy[t; 0], where 6 is the Frobenius automorphism, f(¢t) = ¢ and g(t) € R
with nonzero constant term. Then e,.(g, f = t) is the exponent that will be studied
in Section 3. There, we present the ring F[¢; 0] and concrete ways of computing this
exponent.

More generally than the previous example, we can consider a finite ring A, an au-
tomorphism o € Aut(A) and f(t) =t € R = Aft;o]. If g(t) € R is such that its
constant term is invertible then Rg + Rt = R and all the conditions of the lemma
will be satisfied. This example will be useful in the next section while considering
the embedding of the Frobenius—Ore extension in a ring of the form M, (F,)[t; 9].
Let A = Fy[z]/(a?), R = Alt; L], f = t?, g = g(t), monic, with Rg + Rt? = R.
Since for a € A and m € N we have t™a = 1" (")a@t™~%, where a¥) is the
ith derivative, then tPa = at?, so Rf = fR and the above Lemma 2.1 implies that
er(g, f) exists.

Consider an invertible matrix A € M, (F,). If g(z) = + — A € M, (F,)[z] and
f(z) = z, then we easily check that the exponent of g(z) relative to = coincides with
the order of A in GL,(F,).

Let us give some basic properties of the relative exponent.

Lemma 2.2. Suppose that f, g, h are elements in a ring R such that e.(g, f) and e,.(h, f)

exist. Then:

a)

g is a right factor of f' — 1 if and only if e, (g, f) divides I;
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b) if g is a right factor of h then e, (g, f) divides e,(h, f);
¢) if RgN Rh = Rm then e.(m, f) exists and e.(m, f) is the least common multiple of
67“(97 f) and eT(h’a f)

Proof. a) Put e := e.(g, f) and suppose there exists h € R such that hg = f' — 1.
Let ¢,7 € N be such that [ = ge + r with 0 < r < e. This gives hg = f! — 1 =
feett —1 = fr(f% —1) + f7 — 1. Since f¢ — 1 € Rg, we also have f% — 1 € Ry
and hence f" — 1 € Rg. This contradicts the definition of e,(g, f) unless » = 0 and e
divides 1, as required. Conversely, suppose that eq = I. We then have f' —1 = (f9)*—1 =
(L4 fe+ -+ fela=)(fe — 1) € Ry.

b) Put ¢ := e, (h, f). Since g is a right factor of h and h is a right factor of f¢ — 1,
then g is a right factor of fel — 1 and hence e divides €’.

¢) For simplicity let us write e(g), e(h), e(m) instead of e.(g, f), e-(h, f), er(m, f). Let
us also put e for the least common multiple of e(g) and e(h). Since g and h divide m on
the right, we get that e(g) and e(h) both divide e(m) and hence also e divides e(m). On
the other hand, ¢ right divides f¢(9) — 1 and hence also f¢ — 1. Similarly & right divides
f¢—1. Since Rg N Rh = Rm, we get that m right divides f¢—1. O

We will see in Section 3 that in the case of F,[t; 6] the left and right exponents of a
polynomial relative to ¢ exist and are the same.

The study of exponents of polynomials in a skew polynomial ring A[¢; o] is related to
a notion of order of an element in a group with an automorphism. We introduce this
definition and study some of its elementary properties.

Definitions 2.2. Let G be a group and o € Aut(G).

1) Let g € G and n € N. We define the nth norm of g, denoted N, (g) by No(g) =1
and, forn > 1,

Nu(g) =" g)o">(g) - o(g)g-

2) An element g € G is of finite o-order if there exists a nonzero ! € N such that
Ni(g) = 1. In this case ord,(g) is the smallest [ such that N;(g) = 1.
3) For two elements x,g € G we define rog := o(x)gr~!. We say that two elements

g,h € G are o-conjugate if there exists an element x € G such that h = o(z)gz!.

We can also define the o-order of an element using the “increasing power of ¢” i.e.,
T Nn(g) := go(g)--- 0" 1(g). We will not use this second definition except while consid-
ering the left evaluation of skew polynomial ring (cf. Remark 3.1(b)). Notice also that
for any group G and o € Aut(G), the o-conjugacy is an equivalence relation on G.

We give, in the following easy proposition, some relations between the above defini-
tions.
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Proposition 2.1. Let G be a finite group and o € Aut(G). Then

&) forl,s €N, Niss(g) = o' (Na(9) Ni(g) = 0*(Ni(9)) N (9);

b) forl,q € N, we have Nig(g) = o' V(Ni(g))a' 2 (Ni(g)) - - - o' (Nil9)) Ni(9);

¢) any g € G is of finite o-order;

d) N,(g9) =1 if and only if ord,(g) divides r;

e) if T € Aut(G) is such that oT = 7o, then ord,(g) = ord,(7(9));

f) for any s € N, Ny(c(g)hg™") = o°(g)Ns(h)g~t. With our notations this means
Ns(goh) =g o Ns(h);

g) if o' =id, then
i) a(Ni(g)) = gNi(g)g~:
ii) ondy(g)|L - ord(Ni(g))-

Proof. a) By definition we have: Ni;,(g) = o™~ (g)---a(g)g = o' (c°71(g) - -~ o(g)g) x
o'=(g)---0(g)g = ' (Ns(g9))Ni(g). The second equality is shown similarly.

b) This follows easily from the statement a) above.

¢) Since the group G is finite, for any g € G, there must exist [, s € N with s # 0,
such that Nii(g) = Ni(g). The statement a) above then implies that Ng(g) = 1. This
yields the result.

d) Let us put [ := ord,(g). By definition we must have N;(g) = 1 and I < r. Let us
write r = lg + s where s < I. We have 1 = N,(g) = Nig+s(9) = 0°(Nig(9))Ns(g). The
point b) above then implies that 1 = Ny(g). Since s < [ this shows that s = 0, as desired.

e) and f) These are left to the reader.

g) i) We compute: a(Ni(g)) = o'(g9)a' " (g) - a(9) = gNi(g)g ™"

ii) Since o! = id, statement b) above shows that Nis(g) = N;(g)°. If s is the order of
Ni(g) in G, we get Ni5(g) = Ni(g)®* = 1. Part d) above then implies that ord,(g) divides
Is=1-o0rd(Ni(g)). O

In the case of a finite cyclic group, the last point of the previous lemma is more precise.

Corollary 2.1. Let G = (g) be a finite cyclic group and let | be the order of an automor-
phism o € Aut(G). Then we have ord,(g) =1 - ord(Ni(g)).

Proof. We already know that ord,(g) divides I - ord(N;(g)). Let p,n € N be such that

l

o(g) = g and n := |G| = ord(g). Since ¢! = id, we have that g* = ol(g) = g

1

and hence g? ~! = 1. Since n = ord(g), we conclude that n divides p' — 1. We write

ords(9) = il +r for ¢ € N and 0 < r < [ and, using the above lemma, we have

; , -1 -1
1 = Niyr(9) = Ni(g)' N, (9) = g1+ where [I] = P and [r] = P T This implies
p—

that n divides i[l]+[r]. Hence there exists m € N such that n(p—1)m = i(p' —1)+(p"—1).
The fact that n divides p! — 1 implies that n also divides p” — 1. This shows that, for any

€@, 0" (x) =2 =z Since 0 < r <l and [ is the order of ¢, we must have r = 0 and
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1 = ¢’ = Ny(g)*. This yields that ord(N;(g)) divides i and hence [ - ord(N;(g)) divides
li = ords(g), as desired. O

Example 2.1. Recall that for ¢ = p™, where p is a prime number and n is a positive
integer, the multiplicative group of nonzero elements Fy is cyclic. Moreover the classical
norm N, (z) = 6""!(z)---0(z)z, where 6 is the Frobenius automorphism, is an onto
map with values in Fj. The above corollary then shows that if = is a generator of F7,
ordg(x) = n.ord(N,(x)).

3. Exponents in Fy [t; 0]

Let us recall some facts about the noncommutative ring F, [¢; 0], where ¢ = p! for some
prime p and [ € N and 6 is the Frobenius automorphism of F,: 6(a) = a?. The elements
of F, [t; 6] are polynomials Y-, a;t’,a; € F,. They are added as ordinary polynomials
and the multiplication is based on the commutation law:

ta =0 (a)t = a”t, for a € Fy.

This ring is called an Ore—Frobenius extension and its elements are skew polynomials. It is
a left and right Euclidean domain. In particular, for f (¢) € Fy [¢; 6] and a € F,, there exist
a unique polynomial ¢ (¢) € F, [¢; ] and a unique r € F, such that f (t) = ¢ (¢) (t —a)+7.
Now, we define f(a), the (right) evaluation of f at a, by f(a) := r, and hence if
() =>"ct', we have

fla)=co+ Y et () O(a)a= eiN;(a) =Y ciall,
i=1 ' i=0

pi—1
p—1°

where [i] == p" 1+ p 24+ fp+1=

Definition 3.1. Let Iy be a finite field and 6 be the Frobenius automorphism of F,. Let
f € Fy[t; 6] be a nonzero polynomial. If f(0) # 0, the right exponent of f is defined by
er (f) :=er(f,t). If £(0) =0, we write f(t) =t"g(t), where m € N and g € Fy [t; ] with
g(0) # 0 are uniquely determined, then e, (f) := e.(g,t). We define the left exponent
similarly.

Remarks 3.1.

(a) Let us remark that if F, C Fy and f(t) € R := Fy[t;0] C R := Fy(¢;6] then we
may compute e, g(f), the right exponent of f(¢) considered as an element of R and
er r/(f) the right exponent of f considered as an element of R’. In fact, these two
numbers coincide. To show this, first notice that e, r/(f) < e, r(f). On the other
hand, it is easy to prove, by induction on deg(h), that if f € R and h € R’ are
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such that hf € R then h is actually an element of R. Applying this to our situation
we conclude that if F, C Fy and f(t) € Fy[t; 0] C Fy[t; 6], h(t) € Fyt; 0] are such
that h(t)f(t) = t* — 1, where s = e, p/(f) € N, then, in fact, h(t) € Fy[t;0]. This
shows that e, r(f) < s and we obtain that e, r(f) = e, r/(f). We conclude that the
definition of e, (f) is independent of the finite field where f is supposed to have its
coeflicients.

(b) Let us mention that the left evaluation of a polynomial f(t) = > i a;t' € Fy[t, 6]
at c € [y is easily seen to be given by

n

Z A ()072(c) - 07V ()07 (ay).

=0

In particular, for e € N, t — ¢ left divides t¢ — 1 if and only if
A )02 (c) 07D =1,
This will be used at the end of the proof of Theorem 3.1.

Example 3.1. Let F; = {0, l,a,a2 =a+ 1} be the field of 4 elements and 6 be the
Frobenius automorphism defined by 6 (a) = a?. Consider the polynomial f(t) = t —
a € Fy[t;0]. In the classical case, when f € Fy[t], the exponent is 3. However, when
[ €F4[t;0], we have (t —a?) (t —a) =t* —ta—d*t+a® =t*— (0 (a) +a?)t+1 =t —1.
Thus we conclude that e, (f) = 2.

We will need to work with the ring M, (F,) of matrices over F, = F,. For C' =
(cij)i<ij<n € My(Fgy) a matrix with entries in F,, we set 6 (C) = (6(cij))i<ij<n. We
collect some easy facts about the skew polynomial ring M, (Fy)[¢; 6] in the following
lemma. Notice that the statement 4. in this lemma allows us to speak about the exponent
of a polynomial in M, (F,)[¢; 6].

Lemma 3.1. With the above notations the following holds:

1. The map 6 defined on M, (F,) is a ring automorphism of order  (where q = p').

2. We have a ring isomorphism M, (F,)[t; 0] = M, (F4[t; 6]).

3. For A € M,(Fy) and f(t) = Y.I jait" € M,(F)[t;0], we have that f(A) =
S o ai Al =0 if and only if t — A right divides f(t) in M, (F,)[t; ).

4. If f(t) € M, (F,)[t; 0] is such that its independent term is invertible then e.(f(t),t)
exists. In other words there exists e := e, (f(t),t) which is minimal such that f(t)
right divides t© — 1 in M, (F,)[t;0].

For the convenience of the reader we briefly recall some results on semi-linear trans-
formations (they are special cases of the Pseudo-linear transformations, cf [4,5] and
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[6] for more information) that will be used in the proof of the following theorem. Let
0 € Aut(A) be an automorphism of the ring A. For C' a d x d matrix in My(A), we define
Tc : A4 — A? by To(v) = 0(v)C, where v stands for a row vector. We easily see that,
for e € N, T&(v) = 0°(v)Ne(C). An obvious consequence of Theorem 1.10 in [6] gives
a characterization as to when a polynomial f(¢) € R = A[t;0] is such that f € Rg. If
g(t) € Alt; 0] is a monic polynomial of degree d we let Ty, = T¢, stand for the semi-linear
map defined on A¢ by the companion matrix Cy associated to g. We then have that
f(t) € Rg if and only if f(T})(1,0,...,0) = (0,...,0) € AL

Theorem 3.1. Let g (t) =" + an_1t" "' 4+ -+ + ag € F, [;0] with ag # 0 and

0 1 0 - 0
0 0 1 - 0
Co=1 : : CT : € GL,(F,)
0 0 0 1
—ap —a1 —Gz - —Qp-1

the companion matriz of g. Then

1. e (t—Cy) = ordg (Cy).
2. e, (9) = ordg (Cy).
3. The left and right exponent of the polynomial g are equal.

Proof.

1. Let us put e := e,(t — Cy) and | := ordg(Cy). We then have t — C, right divides
t® — 1 and hence N.(C,;) = id, which means that | = ordg(Cy) divides e. On the
other hand, if N;(C,) = id we get that (¢! — 1)(C,) = 0 and so t — C, right divides
t' —1in M, (F,) [t;0]. This yields that e divides I, as desired.

2. Put m := ordy(Cy) and remark that, thanks to the part 1. of the theorem, there exists
a polynomial ¢(t) = (g;;(t)) € Mn(Fq)[t; 0] = My (Fy[t; 0]) such that ¢(t)(t — Cy) =
t™ — 1. Equating the first row entries on both side we get
o q11(t)t + qun(t)ap = t™ — 1 for the (11) entry,

o —q1i(t)t + q1,i41 ()t + q1 n(t)a; = 0 for the entries (1,7) and 2 <i <n —2,

o —qin—1(t) + qn(t)(t + an—1) =0 for the (1,n) entry.

Going backwards we then get successively ¢1,,—1(t) = ¢1,n(t)({+an—1) and replacing
q1,n—1(t) in the previous equation leads to qin—2(t) = q1.n(t)(t* + an—1t + an—2).
More generally for 1 <7 < n — 1 we obtain

an_i(t) = ql,n(t)(ti + an_ltiil + -+ an_i) for1<i<n-—1.

In particular, ¢11(t) = ¢1.,(t)(#" ' +- - - + ast + a1). Replacing this value in the first
equation q11(t)t + g1 (t)ag = t" — 1 above we get q1,,9(t) = t™ — 1. This shows that
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er(g(t)) divides m. For the converse suppose that e = e,(g(t)) and let ¢(t)g(t) =
t¢ —1 € R :=TFy[t;0] € M,(F,)[t;0]. Put d := degg(t). We have t¢* — 1 € Rg and
hence by Theorem 1.10 in [6] (see also the comments before this theorem) we get that
(T¢ —1)(1,0,...,0) = (0,0,...,0) € My(F,)%, where the entries of the vectors are
square matrices of size d = deg(g). This leads to 6°(1,0,...,0)N.(C,) = ({,0,...,0)
and hence N.(Cy) = I. So that ordg(Cy) divides e. This yields the desired result.

3. We must show that, for e = e, (g), the polynomial g (¢) divides ¢t — 1 on the right
and on the left. Now e, (g) = ordg (Cy). Working in My (F,) [¢; 0] with d = degg (¢),
we have ordg (Cy) = e, (t — Cy). In My (Fy) [¢; 6], t — Cy is a right factor of t¢ — 1 if
and only if

0" (Cy) - 0(Cy) Cy = 1.
Applying 6'7¢, to this equality, we get
09971 (Cg) e (Cg) =1

This means that t—Cy is a left factor of t°—1 (cf. Remark 3.1(b)). Hence e, (t — Cy) =
ey (t — Cg) O

The equality of the right and left exponent of a polynomial of an Ore—Frobenius
extension has the following interesting consequence.

Corollary 3.1. For any polynomial g(t) € Fg[t; 0] with nonzero constant term, and for
any l € N, g(t) is a right factor of t* — 1 if and only if it is a left factor of t' — 1.

Proof. Suppose that g = g(t) right divides ¢ — 1, this implies that e = e,.(g) = e;(g)
divides 1, say | = eq, for some ¢ € N. Since g also left divides ¢ — 1 and t! — 1 =
(te = 1)((t*)97r + .-~ + ¢+t + 1) we conclude that g left divides ¢! — 1. The converse
implication is obtained in the same way. O

In the sequel, we shall write e (f) for the exponent of f € F, [t;6].

Example 3.2. Consider the polynomial g (t) = 3 + at + 1 € F4[t;0]. The companion
matrix of g is

0 1 0
Cs=10 0 1],
1 a O
then
0 1 0 0 1 0 0 0 1
No(Cy)=10 0 1 0 0 1]=11 a O
1 a2 0 1 a O 0 1 a?
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Since the order of Ny (Cy) in GL3 (F4) is 4, then, by Proposition 2.1, we have ordg (Cy)
divides 20rd(N2(Cy)) = 8, and N5 (Cy) = N» (Cg)4 = id, hence e (g) = 8. One can verify
that

P+ ++at+1) (P +at+1) =3+ 1.
Note that the classical exponent of g is 21.

Example 3.3. Let Fs = {0,1,a,a?,...,a5%0a® =a+1} and 6(a) = a* Consider the
polynomial g (t) = t? + at + 1 € Fg [t;6]. The companion matrix of g is

0 1
C =
=1 )
then, by computing N; (Cy) for i = 1,2, ..., we obtain e (g) = 9. In this case, the classical
exponent is also equal to 9. However, in Fg [t; ] we have the factorization

(t" +a*® + at® + *t* + o +at® +at +1) (B +at +1) =7 + 1,
while in Fg [t] the factorization is
(" +at® + a5 + a3t + PP + oS +at + 1) (P +at +1) =17 + 1.

In the sequel, we denote by IE‘_q the algebraic closure of IF;. We need a small lemma
which is the analogue of a very well-known fact in the commutative setting.

Lemma 3.2. Let g(t) € F, [t;0] be a monic irreducible polynomial and o € F, such that
g(a) =0 (i.e., t —a right divides g(t) in Fy [t;0]). Then for any h(t) € F, [t; 0] such that
h(a) =0, g(t) right divides h(t) in Fq[t;6].

Proof. Let p be the characteristic of the finite field F, and write ¢ = p™, for some n € N.
Let us first notice that Theorem 2.5 1) in [6] implies that there exists a € F, such that
g(a) = 0. We let ¢’ be such that F; C Fy and o € Fy. If we denote by [ the dimension
of the extension F, C Fy/, we have ¢/ = ¢ = p™. Let us then observe that we can
extend 6 to an automorphism of F [¢;60] by defining 6(¢) = ¢. The polynomials fixed
by 6" are exactly the elements of F, [t; ], and one can easily check that g(0"(«)) = 0
for i = 0,...,1 — 1. This implies that the least left common multiple m(t) of the set
{t —0"(a) |0 <i<1—1} right divides g(¢) in Fy[t;6]. Since m(t) is fixed under the
action of 6™, we get that m(t) € F, [t;0]. The fact that g(¢) is irreducible then implies
that m(t) = g(t).

Now, if h(t) € Fy[t;0] is such that h(a) = 0 we get that, for all 0 < ¢ < [ —1,
h(6™(«)) = 0 and hence m(t) = g(t) right divides h(t) in F, [¢;6], as desired. O
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In the next proposition we will use the following convenient notations : for gi,...,gs €
R =T[t; 0] we denote by [g1,. .., gs], the least left common multiple of g1, ..., gs. Similar
notations are used for the least common multiple of integers.

Proposition 3.1. Let ¢ = p' and let g,qg1,...,9s be monic polynomials in F, [t; 0] with
nonzero constant terms. Then:

(a) the polynomial g is a right (resp., left) factor of t© — 1, where ¢ is a positive integer,
if and only if e (g) divides c;

(b) if g is a right (resp., left) factor of h, then e (g) divides e (h);

(c) with the notations introduced before the statement of the proposition we have
€ ([91, s ags]é) =lem (6 (gl) 1oy € (gs));

(d) for a € Fy,e(t —a) = ordg (a);

(e) if a is a primitive element of Fg = Fpu, then e(t —a) =1(p—1);

(f) if « € F, is such that t — « is a right (resp., left) factor of g (t) in F,[t;0] and g (t)
is irreducible in F, [t; 0], then e (g) = ordg (a);

(g) the map 0 can be extended to Fy [t; 0] via 0 (t) =t. We then have
1) e(g(t)) = e(0(g(t)), for g (t) € Fy[t; ],
2) Ifh(t) = [g(t),0(g(t),....0" " (g (1)],, thene(h (1)) = e(g(t)) and O (h (1)) =

h(t) (equivalently th(t) = h(t)t).

Proof. (a) and (b) follow easily from our earlier results.

(¢) This result is true for general relative exponents, as might be checked using
Lemma 2.2(c). We give another self-contained proof. We denote by g the least left com-
mon multiple of g1,...,9s i.e., g := [g1,...,9s]e, € := [e1,...,es] where, for 1 < i < s,
e; == e(g;). Since for 1 < i < s, g; right divides g, we have that e; divides e(g) and hence
e divides e(g). On the other hand, for 1 < i < s, g; divides on the right ¢ — 1 and hence
also t¢ — 1. This leads to the fact that g divides on the right ¢ — 1 and so e(g) divides e.
This yields the proof.

(d) This comes directly from Theorem 3.1 by considering g(t) =t — a.

(e) Suppose that a € F, is of order ¢—1 = p! —1 and put e := e (t — «). The definition
of [I(p — 1)] gives

o pH 1 (P —=1) PP+ +p +1)
np-V="——7—= — :
p p

Since for i € N, p* = 1 mod (p — 1), we conclude that p — 1 divides p'®=2) + ... 4 p! +1,
and hence p! — 1 divides [l (p — 1)]. This leads to Nj(,—1) (@) = o[~V =1 50 e divides
I(p—1) and there exists an integer s such that

es=1l(p—1). (1)
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On the other hand, N, (a) = ol = 1, then p! — 1 divides [e], hence p — 1 divides
[e] = p~1+---+p+1. Using again the fact that, for i € N, we have p* = 1 mod (p—1),
then [e] = e =0 mod (p — 1), and there exists an integer k such that

e=k(p—1). (2)
We then obtain
l=ks. (3)

Now, e = e(t — o) = ordg(a) gives that 1 = N.(a) = ol and p! — 1 divides [e]. Let thus
a € N be such that [e] = a(p! — 1). Write e = b + r, with 0 < r < [. We then have

(plb_l)pr+pr_1 B (pl—1)(pl(b_l)+~~-+pl+1)pr+pT—1
p—1 B p—1

[e] =

so p' — 1 divides [e] which divides
p=1e=-1)@"" "+ +p + )" +p" 1,
which implies that 7 = 0, hence
e =1b, (4)

and (p—1)[e] = (p—1a(p' —1) = (p' — 1) (=Y ... 4 pt +1), then (p—1)a =
p =1 4 ... 4 p! +1 and this implies that b = 0 mod (p — 1), so there exists an integer
¢ such that

b=cp—1). 5)
Finally, using successively (2), (4) and (3), we obtain
e=k(p—1)=1b=ksb=ksc(p—1),

this yields s = ¢ =1, then I =k, and e = (p — 1), as desired.

(f) Put [ := ordg(«r). Statements a) and d) above show that I = e(t — «) divides e(g).
On the other hand, we also have N;(a) = 1 and hence (# — 1)(a) = 0 and Lemma 3.2
shows that g(t) divides ¢ — 1. Statement a) above implies that e,.(g) divides I. This yields
the proof.

(g) 1) is due to the fact that polynomials of the form ¢" —1, r € N, are invariant under
the extension of 6.

2) is now an obvious consequence of (c) above. O

Let us end this paper with the following proposition which gives more information on
the exponent of a power g°.
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Proposition 3.2. Let g (t) € Fy [t; 0] with nonzero constant term and let e = e.(g) be its
exponent. Suppose that t¢ —1 = hg = gh, which is the case when the order of 6 divides e.
Let b be a positive integer, and s be the least integer such that p* > b. Then e (gb) = ep",
where 0 < u < s.

Proof. Put ¢ := ¢ (gb). Since g right divides g®, Proposition 3.1 shows that e = e,.(g)
divides ¢. Moreover, since g (t) right divides t* — 1 and gh = hg = t© — 1 then g’ (t)
right divides (¢ — 1), so ¢” (¢) right divides (t¢ — 1)p5 = t°?" — 1. Hence Proposition 3.1
implies that ¢ divides ep®. Since ¢ is a multiple of e, this gives ¢ = e (gb) = ep“, where
0<u<s. O

4. Conclusion

We have defined the notion of relative exponent of two elements in a ring, paying
particular attention to the case of a finite ring. This has then been applied to the case of
skew polynomials over finite rings. The case of polynomials of a Frobenius—Ore extension
IF,[t; 0] has been specifically targeted in order to extend classical theorems related to the
exponent (a.k.a. period) of a polynomial over a finite field.
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